AP® CALCULUS AB/CALCULUS BC
2016 SCORING GUIDELINES

Question 1
! 0 1 3 6 8
(hours)
. R(?) 1340 1190 950 740 700
(liters / hour)

Water is pumped into a tank at a rate modeled by W (¢) = 2000e_t2 f20 liters per hour for 0 < ¢ < 8, where ¢ is
measured in hours. Water is removed from the tank at a rate modeled by R(¢) liters per hour, where R is
differentiable and decreasing on 0 < 7 < 8. Selected values of R(7) are shown in the table above. At time

t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R'(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter,
at the end of 8 hours.

(d) For 0 <7 <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.

_ _ 1 : estimat
(@ R(2)~RC)ZRWD) 9501190 _ 150 jiserony? p ] | esmate
3-1 3-1 1 : units
8
(b) The total amount of water removed is given by J.o R(¢) dt. 1 : left Riemann sum
3 3:< 1:estimate
J.o R(t)dt ~1-R(0)+2-R(1)+3-R(3) +2-R(6) 1 : overestimate with reason
= 1(1340) + 2(1190) + 3(950) + 2(740)
= 8050 liters
This is an overestimate since R is a decreasing function.
8
(c) Total ~ 50000 + jo W(t) dt — 8050 ) { 1 : integral
= 50000 + 7836.195325 — 8050 ~ 49786 liters 1: estimate
(d) wW(0)-R(0)>0, W(8)—R(8) <0, and W(t)— R(t) is 5. 1 : considers W (t) — R(t)
continuous. " | 1: answer with explanation
Therefore, the Intermediate Value Theorem guarantees at least one
time #, 0 < ¢ < 8, for which W(z) — R(¢t) = 0, or W(t) = R(¢).
For this value of ¢, the rate at which water is pumped into the tank
is the same as the rate at which water is removed from the tank.
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a1

(hours)
R(t)
(liters / hour)

1340 1190 950 740 700

1. Water is pumped into a tank at a rate modeled by W(z) = 20006~/ titers per hour for 0 <'t < 8, where ¢
is measured in hours. Water is removed from the tank at a rate modeled by R(t) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(t) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R’(2). Show the work tt;at leads to your answer. Indicate units of measure.
gf(‘ o L(3) - e{n _ wﬂ
1) - 5
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(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of"
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer. ’ )
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(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.

fzo —% 36,008 L N | |
Tott Loy 56, @m‘f(f%&«f[&}gé 54‘6 ggg;é;é)}'.f‘
fwm;a 757¢ 3%32‘15% | |

Totel Leel o5y, 9@90%(7—636 M;ﬂ;z“ = gcjsé)

(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.
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1. Water is pumped into a tank at a rate mo t) = 2000e™ / uiters per hour for 0 < ¢ < 8, where g~
is measured in hours. Water is removed from the tank at a rate modeled by R(z) liters per hour, where R is )

differentiable and decreasing on 0 < ¢ < 8. Selected values of :R(¢) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.
———— L e g

(a) Estimate R'(2). Show the work Zhat leads to your answer. Indicate units of measure.
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(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total

amount of water removed? Give a reason for your answer. C7 RS S0
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(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.
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(d) For 0 <t <38, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not. ‘
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1. Water is pumped into a tank at a rate modeled by W (¢) = 2000e“’2 /20 liters per hour for 0 < 7 < 8, where ¢
is measured in hours. Water is removed from the tank at a rate modeled by R(r) liters per hour, where R is

~ differentiable and decreasing on 0 < ¢ < 8. Selected values of R(¢) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R’(2). Show the work that leads to your answer. Indicate units of measure.

' Z
- \~ 6 WA
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(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during'the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

) (‘)"5%3) + 2(‘)140) + 2 ase) (me) =7)270 t’f—\a,/r’s___,_
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(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.
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(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.
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AP® CALCULUS AB/CALCULUS BC
2016 SCORING COMMENTARY

Question 1
Overview

In this problem students were given a function W that models the rate, in liters per hour, at which water is

pumped into a tank at time ¢ hours. They were also given a function R that models the rate, in liters per hour, at
which water is removed from the tank. W is defined as an exponential function on the interval 0 < ¢ < 8, and R
is differentiable and decreasing on 0 < ¢ < 8. Selected values of R(#) are given in a table. The amount of water

in the tank, in liters, at time ¢ = 0 is given. In part (a) students needed to estimate R'(2) by calculating the value

of an appropriate difference quotient based on the values in the table. Units of liters/hr? are required. In part (b)
8

students needed to use a left Riemann sum approximation for Jo R(t) dt to estimate the total amount of water

removed from the tank during the interval 0 < ¢ < 8. Students needed to use the appropriate function values from
the table with the four subintervals [0, 1], [L, 3], [3, 6], and [6, 8]. By applying the given information that R is
decreasing, students needed to conclude that the left Riemann sum approximation is an overestimate. In part (c)
students needed to estimate the total amount of water in the tank at time ¢ = 8. This required adding the amount
of water in the tank at time # = 0 to the amount of water pumped into the tank during the interval 0 < ¢ < 8, and

8
then subtracting the overestimate found in part (b). The definite integral Io W(t) dt gives the amount of water

pumped into the tank during the interval 0 < ¢ < 8 and is evaluated using the calculator. In part (d) students
needed to apply the Intermediate Value Theorem to W (t) — R(¢). This theorem guarantees at least one time ¢ on

the interval 0 < ¢ < 8 for which W (t) — R(¢) = 0 or W(t) = R(t). For this value of ¢, the rate at which water is
pumped into the tank is the same as the rate at which water is removed from the tank.

Sample: 1A
Score: 9

The response earned all 9 points.

Sample: 1B
Score: 6

The response earned 6 points: 2 points in part (a), 3 points in part (b), 1 point in part (c), and no points in part (d).
In parts (a) and (b) the student’s work is correct. In part (c) the student earned the first point for the correct
definite integral. The student did not earn the second point for the estimate because of an arithmetic error. In

part (d) the student earned no points.

Sample: 1C
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no points in

part (d). In part (a) the student calculates an estimate using an incorrect interval, and the units are incorrect. In part
(b) the student has a correct left Riemann sum and earned the first point. The student has an incorrect estimate and
does not support the answer of an overestimate with a valid reason. In part (c) the student earned the first point for
the definite integral. The estimate is consistent with the student’s estimate from part (b), so the second point was
earned. In part (d) the student earned no points.
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Question 2

For ¢ > 0, a particle moves along the x-axis. The velocity of the particle at time ¢ is given by

v(t) =1+ 2sin(§j. The particle is at position x = 2 at time ¢ = 4.

(a) Attime ¢ = 4, is the particle speeding up or slowing down?

(b) Find all times ¢ in the interval 0 < ¢ < 3 when the particle changes direction. Justify your answer.
(c) Find the position of the particle at time ¢ = 0.

(d) Find the total distance the particle travels from time ¢ = 0 to time ¢ = 3.

(a) v(4)=12978716>0 2 : conclusion with reason
V(4) = —1.164000 < 0

The particle is slowing down since the velocity and
acceleration have different signs.

() v(t) =0 = ¢ = 2.707468 , [ 1:0=2707
" 1:justification
v(t) changes from positive to negative at ¢ = 2.707.

Therefore, the particle changes direction at this time.

0
(c) x(0)=x(4)+ L v(t) dt 1 : integral
=2+ (—5815027) = -3.815 3: 1 : uses initial condition
1 : answer
. 3 1 : integral
(d) Distance = j0|v(t)|dt = 5301 204
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2. For t 2 0, a particle moves along the x-axis. The velocity of the particle at time tis given by

2
() =1+ ZS'm[%]. The particle is at position x = 2 attime t = 4.

@ Attime 1 = 4, i the paile speeding up or sowing down?
V)~ (4 25in (£)
)= 2.979
V(¢)= 2cos (§) (8)
V(%)= Zc'os[f;)(‘?)
viz)= —l1ét

Sowing dowt because VA5 /05/7‘/‘/@ and vi#) s
neg afie .

(b) Find all times ¢ in the interval 0 < 7 < 3 when the partiéle changes direction. Justify your answer.

le2 sin (£) =
t= 2707

The patfe c/?c!/ffé?j dIrecton ope Fome of

£=2707 beciuse V(00 ad Vi) changes Trom
peitive fo pegative,

-10p10q S1Y} PUOASq J)TIM 10U O(]

Enau!horizea copying or reuse cfl s ' Continue pI’Oble 2-on page 7.

any part of this page is illegal. -5-

© 2016 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

[ of 2



Do not write beyond this border.

(c) Find the position of the particle at time ¢ = 0.

2+ f ; veodt = 3. 518 |

(d) Find the total distance the particle travels from time ¢ = 0 to time t = 3,

I3 e { L 50T ]
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2. For ¢ 2 0, a particle moves along the x-axis. The velocity of the particle at time ¢ is given by
2 ) ‘
v(t) =1+ 2sin % . The particle is at position x = 2 at time ¢ = 4.

(2) Attime 7 = 4, is the particle speeding up or slowing down?

———
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(b) Find all times ¢ in the interval 0 < ¢ < 3 when the particle changes direction. Justify your answer.
- T—————
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(c) Find tde positio.b the particle at time ¢ = 0.

postniont Fyiey gt

" & Ao Q'C%\)_oﬁ‘c we L 42 Guo+dr
| -~ Ldu= at

PO & = | L2 sin(u)du

Y

TL (Jr-z cosu\ e

'11;“.(% —’).casci;’“ |

(d) Find the total distance the particle travels from time t = 0 to time ¢ = 3,
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2. For t 2 0, a particle moves along the x-axis. The velocity of the particle at time ¢ is given by

2
v(t)=1+ Zs'm(%]. The particle is at position x = 2 at time ¢ = 4,

(a) Attime t = 4, is the particle speeding up or slowing down?

A finwe =4 e parnc 18 wing
ab W

(b) Find all times ¢ in the interval 0 < ¢ < 3 when the particle changes direction. Justify your answer.

f it

= 1r2on(Z) =0
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(c) Find the position of the particle at time ¢ = 0.

2

:\Jrzsm % ot

(d) Find the total distance the particle travels from time r = 0 to time ¢ = 3.

Z ( v E)ide

=5 301
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AP® CALCULUS AB
2016 SCORING COMMENTARY

Question 2
Overview

In this problem students were given information about a particle moving along the x-axis for time ¢ > 0. The
velocity of the particle is given as a trigonometric function, and the particle is at position x = 2 attime ¢ = 4. In
part (a) students needed to conclude that the particle is slowing down at ¢ = 4 because v(4) and v'(4) have
different signs. In part (b) students needed to determine when the particle changes direction in the interval

0 < ¢ < 3, and justify their answer. This required use of the calculator to solve v(z) = 0 on 0 < ¢ < 3. In part (c)
students needed to apply the Fundamental Theorem of Calculus to find the position of the particle at time ¢ = 0; i.e.,

4
x(0) = x(4) - Io v(t) dt. The expression is evaluated using the calculator. In part (d) students needed to find the

3
total distance the particle travels from # = 0 to ¢ = 3. Students were expected to set up and evaluate .[0 |v(¢)| dt

(or an appropriate sum of definite integrals) using the calculator.

Sample: 2A
Score: 9

The response earned all 9 points.

Sample: 2B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d).
In part (a) the student’s work is correct. The student is not required to explicitly state that a(4) = v'(4). In

part (b) the student’s work is correct. In part (c) the student is not working with a definite integral and did not earn
the first point. The student was not eligible to earn the other 2 points. In part (d) the student’s work is correct.

Sample: 2C
Score: 3

The response earned 3 points: no points in part (a), no points in part (b), 1 point in part (c), and 2 points in

part (d). In part (a) the student has a conclusion without a reason, so no points were earned. In part (b) the student
reports two incorrect values of 7. The student did not earn the first point and was not eligible for the second point.
In part (c) the student earned the first point for a correct definite integral. The student does not use the initial
condition and was not eligible to earn the other 2 points. In part (d) the student’s work is correct.
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The figure above shows the graph of the
piecewise-linear function f. For -4 < x <12,

the function g is defined by
gx)=[ s ar

(a) Does g have a relative minimum, a relative B 4 /5
maximum, or neither at x = 10 ? Justify

your answer.

(b) Does the graph of g have a point of
inflection at x = 4 ? Justify your answer. -4,-4)

Question 3
4, 4)
10
2 4 6 8 12
(8’ _4) (12. —4)
Graph of f

(¢) Find the absolute minimum value and the
absolute maximum value of g on the
interval —4 < x < 12. Justify your answers.

(d) For —4 < x <12, find all intervals for which g(x) < 0.

(a) The function g has neither a relative minimum nor a
relative maximum at x = 10 since g'(x) = f(x) and

f(x)<0 for 8 < x <12
(b) The graph of g has a point of inflection at x = 4 since
g'(x) = f(x) is increasing for 2 < x < 4 and decreasing

for 4 < x < 8.

(c) g'(x)= f(x) changes sign only at x = -2 and x = 6.

X g(x)
—4 -4
-2 -8

6 8

12 -4

On the interval —4 < x < 12, the absolute minimum
value is g(—2) = —8 and the absolute maximum value

is g(6) = 8.

(d g(x)<0for-4<x<2and10<x<12.

I: g'(x) = f(x) in (a), (b), (c), or (d)

1 : answer with justification

1 : answer with justification

1:considers x = -2 and x = 6
as candidates

1:considers x = —4 and x =12

2 : answers with justification

2 : intervals
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Graph of f
3. The figure above shows the-graph of the pi_gcgwi}se_-‘liqg;ax__.’ fpn,@@ipn i For ~4 € x < 12, the function g is defined

by g(x) = [ (s) e

(a) Does g have arélative minimum, a rclaUVc maximum, or r néfther dt x =10 7 Justify your answer,

g (%) = )
g gloes 0% /JWF o Ff/O“ﬂ/f minimum or

} MO f ’}’)(/L/f)f) o X=(0 becouse g 6O =" tloes
hot change 8/g” ot 1his  Point

(ib) Dogs the graph.of ¢ have a poiﬁt of inflection at x = 4‘7 3us_tify yéur answer.

9"t = £ . -

| £lx)= 9"(x) does change 8ign
0 X=Y4 §0 g does have O polnt of "
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(d) For —4 < x < 12, find all intervals for which g(x) < 0.
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Graph-of if

3. The figure above shows the graph ofthe: plccevnse—hnear function f For -4<x<12, the fu.ncuon g is dcfmed -

by & x) ﬁ f(t)_dtJ

(a) Does g “havea relative minimum, a relative maximum, -or neither at x = 107 Justify ?our.ansv.ver.
- _ Al e — P
)O - Qb() S 15 e it GT XS ID

A s —((\O) > ? . be 9 ) dpes NO* (,\/1(&!“?—2_/
g0 NN
Q(O{Y\ Vo&, Yo ﬂ{,?, ol” g :

pes ok X =10

(b) Does the .graph of g hawve a point of mﬂecmon at x-=47 Iusufy your.answer,
Foy=fLg G pae

. b @@ O and 55 M) O
Q\‘(‘»D:O - e <.-L<><<U\ and g‘\"cx)-ﬂO

UJ\W\ L[<><<X

Unauthorized.copying or reuse of g . Continue prob'lem 3 on page 15:
any part of this page is illegal. . 44~ ,
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‘\/

(c) Find: tthsn]ntc minimum value and the absolute maximum value of £ -on: the interval —4 < x < 12.
Justify your answers. L

@m)@)*(l) H)(‘i) ,,(, w)““l
”()a%"ﬁﬁmwj e

o | “S_"m W@ -0
1 | s AR =Y

“IOPIOd STUl DUOABA:HITIA 10U OcT

(@) For ~4:< x <12, find all infervals for which g(x) < 0.

Y ol MeXS X_‘.é’ aos Mm> X= -2

Teae 20

Unauthorized copying or reuse of
any part of this page isiliegal.
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(8, —4) (12,-4)

Graph of .f
3. The figure above shows the graph of the piecewise-linear function f. For —4 < x < 12, the function g is defined
. . ,
by g(x) = [ (1) .
(a) Does g have a relative minimum, a rélative maximum, or neither at x = 10 ? Justify your answer.
5'0) = $0)
et gl = ) e grogh ob g s G (ACTHVE WK Ot W20
hemuse e Graga o F nOreGled hefore K= (O onol deweoces gilar %10

(Tl 20 ($ 6 i pxj;é}mfk“.,

(b) Does'the graph of g have a point of inflection at x = 4 7 Justify yéur'answer.
513 = £1)

%‘ﬁ(i SMOQ = _Q* (“i)' ’ Yy 6"3‘-?‘“ e 81 ‘na s A _",,'1'?{6{"5"@4 ?%*i wh oy =Y

becounl tv g o € moleaces hebov Y= 4 qnol decre(ed  Ovlan
)

Y= Y.

it

‘isfuoq SIY) PuoA9q 2111M J0U O(]

Unauthorized. copying or reuse of | Continue problem 3 on page 15.
any part of this page is lliegal.
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(¢) Find the absolute minimum- valuc andthe absolute maximum value of g on the interval —4 Sl
Jusufy your answers. ‘ O
; : ‘ (7
15 owel owenluB.  waswiatem U ) =2
&WSD&\F&_, \E\I\C&%\’%\EM f"‘l L B ”3 ool GYs0

T pesoludr valwd oV Yot LA tin &b 6"" 0 Grace
lJ{_. !9 \ A u\

h' rs foun 8L bg,j 5]‘[}(} = #(x) =0-

v

(d) For —4 £ x <12, find all intervals for which g(x)< 0.

F i 5 < ¢ o kY LS C:_ ,\
SO0 T5 Checr@smg inlen g €0 el gOU B EU

-

g g0 = £0) mat g )= £109, we know et

[ cx (o ol (0N ST LOE T vty MEAVO

: P g ,Pf v G{ ’§<<h§
Where et g onol g Oy vy (3 A8 2 ‘

ore oleCreasny (nowrg tha Sowe 86 )
. v

(G oy oo | _ GO ON TO THE NEXT PAGE.
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2016 SCORING COMMENTARY

Question 3
Overview

In this problem students were given the graph of f, a piecewise-linear function defined on the interval [-4, 12]. A

second function g is defined by g(x) = J;x f(¢) dt. In part (a) students needed to determine whether g has a

relative minimum, a relative maximum, or neither at x = 10, and justify their answer. Using the Fundamental
Theorem of Calculus, students needed to recognize that g'(x) = f(x) for all x in the interval [—4, 12]. Since
g'(10) = f(10) = 0 and f(x) < 0 for [8,12], the First Derivative Test may be applied to conclude that there is

no relative extremum at x = 10. In part (b) students needed to determine whether the graph of g has a point of
inflection at x = 4, and justify their answer. Since g'(x) = f(x), the graph of g has a point of inflection at x = 4

because f changes from increasing to decreasing at x = 4. In part (c) students needed to find the absolute minimum
value and the absolute maximum value of g on [—4, 12]. Since g'(x) = f(x), students were expected to find

relative extrema of g by identifying x-values where f changes sign. The absolute extrema occur either at the
endpoints of the interval or at the relative extrema. By comparing the values of g at the four candidate x-values,
students choose and justify the absolute extrema. Properties of the definite integral and the relation of the definite
integral to accumulated area must be used to find the values of g. In part (d) students needed to find all intervals in
[—4, 12] for which g(x) < 0. This part also required properties of the definite integral and the relation of the

definite integral to accumulated area.

Sample: 3A
Score: 9

The response earned all 9 points. The student earned the g'(x) = f(x) point in part (a). In part (a) the student
earned the point with justification “ g'(x) = f(x) does not change sign at this point.” In part (b) the student
earned the point with justification “ f'(x) = g"(x) does change sign at x = 4.” In part (c) the student identifies

the absolute minimum and absolute maximum values with a candidates test that uses the necessary critical points.
In part (d) the student gives the two correct closed intervals.

Sample: 3B
Score: 6

The response earned 6 points: 1 point for g'(x) = f(x), 1 point in part (a), no points in part (b), 3 points in part
(), and 1 point in part (d). The student earned the g'(x) = f(x) point in part (a). In part (a) the student earned
the point with justification “ g’(x) does not change from pos to neg or neg to pos at x = 10.” In part (b) the
student gives the correct answer but includes an incorrect statement that g”(4) = 0. In part (c) the student earned

the first 2 points. The student does not identify the absolute minimum as —8 or the absolute maximum as 8. The
student earned 1 of the 2 answers with justification points. In part (d) the student does not include the endpoints of
the intervals, so 1 point was earned.

Sample: 3C
Score: 3

The response earned 3 points: 1 point for g'(x) = f(x), no points in part (a), 1 point in part (b), 1 point in
part (c), and no points in part (d). The student earned the g'(x) = f(x) point in part (a). In part (a) the student has

© 2016 The College Board.
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Question 3 (continued)

an incorrect answer. In part (b) the student’s work is correct. In part (c) the student earned the first point by
identifying x = -2 and x = 6 in the second line. The student earned no other points. In part (d) the student has
an incorrect interval (6, 10) that has no values where g(x) < 0.

© 2016 The College Board.
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Question 4

2

Consider the differential equation b _y

de  x-1

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

(b) Let y = f(x) be the particular solution to the given differential equation with the initial
condition f(2) = 3. Write an equation for the line tangent to the graph of y = f(x) at x = 2.
Use your equation to approximate f(2.1).

(c) Find the particular solution y = f(x) to the given differential equation with the initial condition f(2) = 3.

(a) y [ 1:zero slopes
" | 1 : nonzero slopes

b &

- =9 1 : tangent line equation

(=23 271 2

1 : approximation

An equation for the tangent lineis y = 9(x —2) + 3.
F(21) ~9(2.1-2)+3 =39

1

(©) Lz dy = 1 dx 1 : separation of variables
Y 2 : antiderivatives
JLZ dy = fx 1_ ; dx 5:< 1:constant of integration and
Y uses initial condition
—%=In|x—1|+C 1 : solves for y
—% =In)2-1|+C = C= —% Note: max 3/5 [1-2-0-0] if no constant
1 1 of integration
—; = ln|x—1|—§
1 Note: 0/5 if no separation of variables
Y=
§ - 1n(x - 1)

Note: This solutionis valid for 1 < x <1+ 61/3.
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lof 2

4. Consider the differential equafion 2. = ’
. d dx x-1

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

(b) Let y = f(x) be the particular solution to the given differential equation with the initial

condition f(2 ( ) = 3. Write an n equation for the line tangent to the graph of y = f1 (x) at x = 2.

Use your equanon to approximate f(2.1).

LI
'ff' PRy j, P

(y)=(2, 3)

4379 (x-1)
tg,sﬂ)(‘l?%‘%-
Y= (1)1 17,9 -15=3.1

Unauthorized copying or reuse of
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(c) Find the particular solution y = f(x) to the given differential equation with the initial condition f(2) = 3.
| 2{% e
L dx

(g

[Unau‘lhorlzed copying or reuse of] GO ON TO THE NEXT PAGE.

any part of this page is illegal. -17-
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) P2
4. Consider the differential equation LN A ’
. 4 de. x-1

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

(b) Let y = f(x) be the particular solution to the given differential equation with the initial
condition f(2) = 3. Write an equation for the line tangent to the graph of y = f (x) at x = 2.
Use your equation to approximate f(2.1).

ow. w,\ Y37 9(x- 1)

= £ + £ (% o\

2+ q(2.4-
3+ a(.1)
LD

Unauthorized copying or reuse of
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(¢) Find the particular solution y = f(x) to the given differential equation with the initial condition f (2) =3,
7
byt
dy X7
_ ydv
O\% = 4 =2
&
(x-1y = g
5(5&&3 . S(* Vv

1= (v ”‘633

_\
-

\ _ L
=) SR

<
1

GO ON TO THE NEXT PAGE.
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4
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dy_ ¥

dc x-1
(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated.

4. Consider the differential equation

03\

R e )
3 -

——!—*;“\ §_-L
o ® 3
HoL oy

(b) Let y = f(x) be the particular solution to the given differential equation with the initial
condition f(2) = 3. Write an equation for the line tangent to the graph of y = f(x) at x = 2.

Use your equation to approximate f(2.1). ' ' 21

K=a ¥=3 x q

v® . 3* & sg=m '8
Y- -1\ 100

3.a
ST Y s RO ) et
V-3:=9(x-a)
V= g% -~1g+3
t \J—Ci??lgﬁ/) £lad® 9lan s
ke o =3.Q

[Unauthorlzed copying or reuse of Continue problem 4 on page 17.
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(c) Find the particular solution y = f(x) to the given differential equation with the initial condition f(2) = 3.
, : , . X=a Y:3
dyY Y3 (x=-0)ay) = A ax)
Ay %)
(%-VY  ya
dx  dy
i ke a - A
SX ' ax SU dy
Lo gy
a X =% =3y rc
C 3 ___‘_ a a - d - J_ 3 3
() 5(3)° * ¢ :
Oz g+ - - g
e C=-q :
=
a
s Ay B \ o 8
SN L g
& 3Y° 4 :
. L 2
,_Xa_\,(%q ;-75\33 g
2 R 2 :
%xa -3x Al =y 3
Ry N — -
[Fax®-3%+a71 =y
Unauthorized copying or reuse of " GO ON TO THE NEXT PAGE.
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Question 4

Overview

2
In this problem students were presented with a first-order separable differential equation % = ﬁ In part (a)

students needed to sketch a slope field at six points in the xy-plane provided: (0, 0), (0,1), (0, 2), (2, 0),
(2,1), and (2, 2). In part (b) students were given that y = f(x) is the particular solution to the differential

equation with the initial condition f(2) = 3. Students needed to write an equation for the line tangent to the

graph of y = f(x) at x = 2, where the slope is computed using the given % The value of f(2.1) is

approximated using the tangent line. In part (¢) students were expected to use separation of variables to find the
particular solution y = f(x) to the differential equation with the initial condition f(2) = 3.

Sample: 4A
Score: 9

The response earned all 9 points.

Sample: 4B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), and 2 points in part (c). In parts (a) and (b)
the student’s work is correct. In part (c) the student incorrectly separates the differential equation. The student was
eligible for and earned 1 of the 2 antiderivatives points for the correct antidifferentiation of y_2 dy. This side of

the equation is consistent with a correct separation of variables. Because the student earned at least 1 of the first 3
points, the student was eligible for and earned the fourth point. The student was not eligible for the last point.

Sample: 4C
Score: 3

The response earned 3 points: 1 point in part (a), 2 points in part (b), and no points in part (c). In part (a) the
student earned the first point. The student has an inconsistent slope at (2, 2), so the second point was not earned.

In part (b) the student’s work is correct. In part (¢) the student does not have a correct approach for separation of
variables. The student was not eligible for any points.

© 2016 The College Board.
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Question 5

The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height 4,

the radius of the funnel is given by r = | (3 +h ), where 0 < / < 10. The units of » and % are inches.

20

(a) Find the average value of the radius of the funnel.

(b) Find the volume of the funnel.

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is
h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of 1 inch per second. At this

5
instant, what is the rate of change of the height of the liquid with respect to time?

10 1 5 h3 .
(a) Average radius = f 3 h )dh 3h + 1 : integral
10 200 .
0 3:{ 1 : antiderivative
1 1000 109 . .
= 1 : answer
200((30 3 ) O) o0 ™
b) Vol ’ 3+h 2arh T_("(9 4 612 + n*) dh 1 : integrand
(b) Volume = = . ((20)( + )) = mjo ( + + ) :in eltgrafl .
0 3:4 1: antiderivative
Oh + 213 +ﬁ 1 : answer
4 5 0
_ 100000\ .\ _ 22097 .
= 200 ((90 + 2000 + 5 ) 0) 10 in’
dr _ 1 dh ) .
(©) =30 (2h) 7 3. 2 chain rule
_l_iﬁ 1 : answer
510 dt
dh 110 2.

g T 5 3 3k
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5. The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At hcight h,

the radius of the funnel is given by r =

71(-)-(3 + hz), where 0 S h £ 10. The units of » and A are inches.

(a) Find the average value of the radius of the funnel.

et

T =

—

——

Lo 2 .
so0 5 (5thD db
2%;17 CBE'P%?" >

f

= 200 ( >0t ’.._.a>
~ ~— 1nches
bv :
l:lnauthorized copying or reuse :fl Continue problem 5 on page 19.
any part of this page is illegal. -18-
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(b) Find the volume of the funnel.

V= 575.5.,0
/Z;» S ten +A"‘)4Ala
‘faa (qh+2h3 h;) j

qo0 t 2000 -+ 20004‘))

I

ll

'«?—'4';(
22097
ifo

H

;n

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is

h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this

instant, what is the rate of change of the height of the liquid with respect to time?
Y‘ - ‘__.
o (3t h7

:Q‘—“—A_b
- \g/ dt

oo IS
o~

L-2 dh
T 57 e Je
dh _ -

dt - = = theh per Sewi]

Unauthorized copying or reuse oj ) ' GO ON TO THE NEXT PAGE

any part of this page is lllegal. -19-

© 2016 The College Board.
Visit the College Board on the Web: www.collegeboard.org.




‘Do not write beyond this border.

o Q. o~ P2
NO CALCULATOR ALLOWED gB

5. The inside of a funnel of height 10 inches has circular cross sectioﬁs, as shown in the figure above. At height &,

the radius of the funnel is given by r = %(3 + hz), where 0 < h < 10. The units of r and A are inches.

(a) Find the average value of the radius of the funnel.

5 (”Uolk —-5@ + K2

Continue problem 5 on page 19.
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(b) Find the volume of the funnel. -

(3R AL =V
%f :?_é(?-i—}l )dh v
© 10 2 fon
- ,__A307L)000 é)
(21 L3 = a0 T3/ cuog;
20 (3}‘ %) _*Z}; an ’ netes

(c) The funnel contains Hquid that is draining from -thebottorﬁ. ‘At the instant when the height of the liquid is
h = 3 inches, the radius of the surface of the liqliid is decreasing at a rate of —é- inch per second. At this
instant, what is the rate of change of the height of the liquid with respect to time?

lUnauthorized copying.orreuse.gt i . V . GO ONTO THE NEXT PAGE.

any part of this:page-isiillegal. —~-|- _‘1_9_
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5. The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At he‘ight h,
1

the radius of the funnel is given by » = 2—O<J3 + h2), where 0 < h < 10. The units of » and A are inches.

(a) Find'the average value of the radius of the funnel.

s (3+h*) | vlee O<hepo

_ Yl r(0) . P,
F = {0—0 (o = = ("‘CZ‘eS)‘

\[

Unauthorized copying or reuse of Continue problem 5on page 19:
any part of this page is illegal. -18- , .
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(b) Find the volume of the funnel.

V= fPnpidh  =wfy (2E)

- : &~
(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is
h = 3 inches; the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this
instant, what is the rate of change of the height of the liquid with respect to time?

3
=750 t7>o

GO ON TO THE NEXT PAGE.
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Question b
Overview

In this problem students were presented with a funnel of height 10 inches and circular cross sections. At height 4

the radius of the funnel is given by » = %(3 + h? ), where 7 and % are measured in inches. In part (a) students

10
needed to find the average value of the radius of the funnel. This required evaluating %Io %0(3 + hz) dh by

finding an antiderivative. In part (b) students needed to find the volume of the funnel. By incorporating the fact
that the cross sections are circular, the students were expected to set up and evaluate an integral of the form

10 2
7Z'J dh = ﬂj (( > 0)(3 +h )) dh. In part (c) students were given that the funnel contains liquid that is
0

draining from the bottom. When the height of the liquid is 3 inches, the radius of the surface of the liquid is

decreasing at a rate of % in/sec. Students were expected to find the rate at which the height is changing at this

instant. To solve this related rates problem, students needed to use r = 3+h ) and take the derivative with

0l
respect to f.

Sample: bA
Score: 9

The response earned all 9 points.

Sample: bB
Score: 6

The response earned 6 points: 3 points in part (a), no points in part (b), and 3 points in part (c). In part (a) the
student’s work is correct. In part (b) the student does not present a correct integrand in the integral for volume and
did not earn the first point. Without a correct integrand, the student was not eligible for the other points. In part (c)
the student’s work is correct.

Sample: 5C
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), and 2 points in part (c). In part (a) the
student does not present an integral and did not earn the first point. Without presentation of an integral, the
student was not eligible for the other points. In part (b) the student presents a correct integrand in the integral for
volume and earned the first point. The student does not antidifferentiate correctly and did not earn the second
point. The student was not eligible for the third point. In part (c) the student uses the chain rule correctly to find
an equation relating % to % and earned the first 2 points. The student does not solve for % and did not earn

the third point.
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Question 6
x Sx) | S(x) | oglx) | g'(x)
1 -6 3 2 8
2 2 ) -3 0
3 8 7 6 2
6 4 5 3 -1

The functions f and g have continuous second derivatives. The table above gives values of the functions and
their derivatives at selected values of x.

(a) Let k(x) = f(g(x)). Write an equation for the line tangent to the graph of k at x = 3.

(b) Let h(x) = %. Find A'(1).

(c) Evaluate jf £"(2x) dx.

@ k(3)=1(g(3)) = f(6)=4 3.{2:slopeatx:3
k'(3) = f'(2(3))-g'(3) = f'(6):2=5-2=10 " | 1: equation for tangent line

An equation for the tangent line is y = 10(x — 3) + 4.

: f(M)-g'M)-g®)- /() , ,
(b) (1) = 2 : expression for A'(1)
(f(l))2 3 { 1 : answer
_(-6)-8-2-3 54 3
T (L6 36 2
© [ rr@do=1reo] =16 - 1) (2 antiderivative
) { 1 : answer

1 7
=505-(2)]=3
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% flx) | fx) | elx) | &=
1 | -6 3 2 8
2 2 -2 -3 0
3 .8 T .6 2
6 4 5 3 [ - '

6. The functions f and g have continuqus second derivatives. The table above gives values of the functions and
their derivatives at selected values of x.

(a) Let k(x) = f(g(x)). Write an equation for the line tangent to the graph of k at x = 3.
k(%)= fla)
-5
= 4

K- ) - 16)
k'(z)=§ (a3) - 8'(3)
{6 g

el
(0

12

| B

E—%= lo&,gj

7
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(b) Let h(x) = %% Find A’(1).

ﬁﬂﬂﬁ:ﬁﬁﬁ_ [wQ)-%]
()= (‘“x WD) =%
UL g(OHi)
') (£e0)™
()= (2)(3)
= (F
34
54
-2

(c) Evaluate f 7(2x) dx
ﬁfﬁﬂ"iFuﬂ

5
gﬁl

"I9PIOQ STU] PUOADQ 9)1IM J0U o(T

s

L
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x| fx) | )| oelx) | g(x)

1 -6 3/ 2 8

2 2 =B -3 o'
- 3 8 7 6 5

6 4 5 103 ]

6. The functions f and g have continuous second derivatives. The table above gives values of the functions and
- their derivatives at selected values of x.

(8) Let k(x) = f(g(x)). Write an equation for the line tangent to the graph of k at x = 3.

K(C:B\ = ‘P\ (_6@\5}\ ‘ 9\(3\)
K\(“.—; __()‘Lr(v) :
3= 6-2
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(©) Bvaluate [ £(2x) dx.

N>
J P wyda
( T

Az %X
-du;*?/d& /

dw

; = =X

Y et 1 g )
s [ | 7 .

%(7’3) 

Y/ :
= 3£
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x fx) | fx) | elx) | &)
1 -6 3 2 8
2 2 -2 -3 0
3 8 | 7 .6 2
6 4 5 30| -1

6. The functions f and g have continuous second derivatives. The table above gives values of the functions and
their derivatives at selected values of x, '

(2) Let k(x) = f(g(x)). Write an equation for the line tangent to the graph of k at x = 3.

((5)= £ (o)
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(c) Evaluate J.: f7(2x) dx. \f'«/ (;;;) o,

5 ()b 03
- P'(2X “ .

) () X
z (’\(&) ( (fl>

23]
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AP® CALCULUS AB
2016 SCORING COMMENTARY

Question 6
Overview

In this problem students were given two general functions, f and g, that have continuous second derivatives. A
table is presented with values of the functions and their derivatives at selected values of x. In part (a) students
needed to find the equation of the line tangent to the graph of & at x = 3, where £ is defined by

k(x) = f(g(x)). This required application of the chain rule and use of values from the table to compute

kK'(3) = f"(g(3))- g'(3) and k(3) = f(g(3)). In part (b) students were given h(x) = g}gg and asked to

compute 4'(1). Students were expected to use the quotient rule and values from the table. Alternately, the product

rule and chain rule can be applied to (x) = g(x) - (f (x))_l . In part (c) students needed to evaluate the definite

3
integral L f"(2x) dx. Using substitution of variables and applying the Fundamental Theorem of Calculus,

students were expected to find an antiderivative involving f’ and evaluate using values from the table.

Sample: 6A
Score: 9

The response earned all 9 points.

Sample: 6B
Score: 6

The response earned 6 points: 2 points in part (a), 3 points in part (b), and 1 point in part (c). In part (a) the
student earned the first 2 points. The student does not present an equation for the tangent line. In part (b) the
student’s work is correct. In part (c) the student has an error with the substitution. The student earned 1 of the first
2 points and was not eligible for the third point.

Sample: 6C
Score: 3

The response earned 3 points: no points in part (a), 2 points in part (b), and 1 point in part (c¢). In part (a) the
student does not present a value for £'(3). In part (b) the student earned the first 2 points. The student did not earn

the third point because of an error in simplification. In part (c) the student has an error with the constant in the
antiderivative. The student earned 1 of the first 2 points and was not eligible for the third point.
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