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Question 1 

t 
(hours) 0 1 3 6 8 

R�t �  
(liters / hour) 

1340 1190 950 740 700 
 

Water is pumped into a tank at a rate modeled by 
2

W t� �  2000e�t 20  liters per hour for 0 d dt 8,  where t is 
measured in hours. Water is removed from the tank at a rate modeled by R t� �  liters per hour, where R is 
differentiable and decreasing on 0 d dt 8.  Selected values of R t� �  are shown in the table above. At time 
t  0,  there are 50,000 liters of water in the tank. 

(a) Estimate Rc�2�.  Show the work that leads to your answer. Indicate units of measure. 

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of 
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total 
amount of water removed? Give a reason for your answer. 

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter, 
at the end of 8 hours. 

(d) For 0 d dt 8,  is there a time t when the rate at which water is pumped into the tank is the same as the rate 
at which water is removed from the tank? Explain why or why not. 

     
(a) � � � � � � 23 1 950 1190 120 liters/hr3 1 3 12 RR R� �|   �

� �
c  ^ 1 : estimate

2 :
 1 : units

 

  

(b) The total amount of water removed is given by � �
8

0
.R t dt³  

� � � � � � � � � �
8

0
1 0 2 1 3 3 2 6R t R R R Rdt | � � � �� � �³
� � � � � � � �1 1340 2 1190 3 950 2 740� � �  

 8050  liters
 
This is an overestimate since R is a decreasing function. 

 1 : left Riemann sum
3 :  1 : estimate

 1 : overestimate with reason


°
®
°

 

¯

 

 

(c) � �
8

0
8050

50000 7836.

Total 5000

195325 8050 49786  li ers

0

t

t dtW| �

 � � |

� ³ ^ 1 : integral
2 :

 1 : estimate
  

  

(d) W R�0� � !�0� 0,  W R�8� � �8� 0,  � and W �t � � R t� �  is 
continuous. 
 
Therefore, the Intermediate Value Theorem guarantees at least one 
time t, 0 � t � 8,  for which W �t � � R t� �  0,  or W �t �  R t� �.  
 
For this value of t, the rate at which water is pumped into the tank 
is the same as the rate at which water is removed from the tank. 

� � � �^ 1 : considers 
2 :

 1 : answer with explanation
W t R t�
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Question 1 

Overview 

In this problem students were given a function W that models the rate, in liters per hour, at which water is 
pumped into a tank at time t hours. They were also given a function R that models the rate, in liters per hour, at 
which water is removed from the tank. W is defined as an exponential function on the interval 0 d dt  8, and R 
is differentiable and decreasing on 0 d dt  8. Selected values of R�t �  are given in a table. The amount of water 
in the tank, in liters, at time t  0  is given. In part (a) students needed to estimate Rc�2�  by calculating the value 

of an appropriate difference quotient based on the values in the table. Units of liters/hr2  are required. In part (b) 

students needed to use a left Riemann sum approximation for 
8
³ R� �t d0

 t to estimate the total amount of water 

removed from the tank during the interval 0 d t d  8. Students needed to use the appropriate function values from 
the table with the four subintervals > @0, 1 ,  >1, 3@,  >3, 6@,  and >6, 8@.  By applying the given information that R is 
decreasing, students needed to conclude that the left Riemann sum approximation is an overestimate. In part (c) 
students needed to estimate the total amount of water in the tank at time t  8.  This required adding the amount 
of water in the tank at time t  0  to the amount of water pumped into the tank during the interval 0 8d t d ,  and 

then subtracting the overestimate found in part (b). The definite integral 
8
³ W t� � d

0
t  gives the amount of water 

pumped into the tank during the interval 0 d dt 8  and is evaluated using the calculator. In part (d) students 
needed to apply the Intermediate Value Theorem to W t� � � R�t �.  This theorem guarantees at least one time t on 
the interval 0 � �t  8 for which W t� � � R�t � 0  or W t� �  R�t �.  For this value of t, the rate at which water is 
pumped into the tank is the same as the rate at which water is removed from the tank. 

Sample: 1A 
Score: 9 

The response earned all 9 points.  

Sample: 1B 
Score: 6 

The response earned 6 points: 2 points in part (a), 3 points in part (b), 1 point in part (c), and no points in part (d). 
In parts (a) and (b) the student’s work is correct. In part (c) the student earned the first point for the correct 
definite integral. The student did not earn the second point for the estimate because of an arithmetic error. In 
part (d) the student earned no points. 

Sample: 1C 
Score: 3 

The response earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no points in 
part (d). In part (a) the student calculates an estimate using an incorrect interval, and the units are incorrect. In part 
(b) the student has a correct left Riemann sum and earned the first point. The student has an incorrect estimate and 
does not support the answer of an overestimate with a valid reason. In part (c) the student earned the first point for 
the definite integral. The estimate is consistent with the student’s estimate from part (b), so the second point was 
earned. In part (d) the student earned no points. 
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Question 2 

For t t 0,  a particle moves along the x-axis. The velocity of the particle at time t is given by 

� �
2

1 2sin .2
tv t § · � ¨ ¸  

© ¹
The particle is at position x  2  at time t  4.  

(a) At time t  4,  is the particle speeding up or slowing down? 

(b) Find all times t in the interval 0 � t �  3 when the particle changes direction. Justify your answer. 

(c) Find the position of the particle at time t  0.  

(d) Find the total distance the particle travels from time t  0  to time t  3.  
  
   
(a) � �4 2.978716 0v ! 

� �4 1.164000 0v  �c �
 

 
The particle is slowing down since the velocity and 
acceleration have different signs. 

2 : conclusion with reason  

 

 

(b) � � 0 2.707468v t t �   
 
v t� �  changes from positive to negative at t  2.707.  
Therefore, the particle changes direction at this time. 

 
t

2 : ^ 1 :  2.707
 1 : justification

 

 

(c) � � � � � �

� �

0

4
2 5.815027 3.815

0 4 v t dtx x

 � �  �

 � ³  1 : integral
°3 : ® 1 : uses initial condition  
°̄ 1 : answer

 

 
 

(d) � �
3

0
5.301Distance v t dt   ³  

 
^ 1 : integral

2 :
 1 : answer
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Question 2 

Overview 

In this problem students were given information about a particle moving along the x-axis for time t t 0. The 
velocity of the particle is given as a trigonometric function, and the particle is at position x  2  at time t  4.  In 
part (a) students needed to conclude that the particle is slowing down at t  4  because � �4v  and �4vc  � have 
different signs. In part (b) students needed to determine when the particle changes direction in the interval 
0 � �t  3, and justify their answer. This required use of the calculator to solve � � 0v t   on 0 � �t  3. In part (c) 
students needed to apply the Fundamental Theorem of Calculus to find the position of the particle at time t  0;  i.e., 

� � � � � �
4

0
0 4 .x x v t dt � ³  The expression is evaluated using the calculator. In part (d) students needed to find the 

total distance the particle travels from t  0  to t  3. Students were expected to set up and evaluate � �
3

0
v t dt³   

(or an appropriate sum of definite integrals) using the calculator. 

Sample: 2A 
Score: 9 

The response earned all 9 points. 

Sample: 2B 
Score: 6 

The response earned 6 points: 2 points in part (a), 2 points in part (b), no points in part (c), and 2 points in part (d). 
In part (a) the student’s work is correct. The student is not required to explicitly state that a� �4  c� �v 4 .  In 
part (b) the student’s work is correct. In part (c) the student is not working with a definite integral and did not earn 
the first point. The student was not eligible to earn the other 2 points. In part (d) the student’s work is correct. 

Sample: 2C 
Score: 3 

The response earned 3 points: no points in part (a), no points in part (b), 1 point in part (c), and 2 points in 
part (d). In part (a) the student has a conclusion without a reason, so no points were earned. In part (b) the student 
reports two incorrect values of t. The student did not earn the first point and was not eligible for the second point. 
In part (c) the student earned the first point for a correct definite integral. The student does not use the initial 
condition and was not eligible to earn the other 2 points. In part (d) the student’s work is correct. 
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Question 3 

The figure above shows the graph of the 
piecewise-linear function f. For �4 d x d 12,  
the function g is defined by 

� � � �
2

.
x

g x f t dt ³  

(a) Does g have a relative minimum, a relative 
maximum, or neither at x  10 ?  Justify 
your answer. 

(b) Does the graph of g have a point of 
inflection at x  4 ?  Justify your answer. 

(c) Find the absolute minimum value and the 
absolute maximum value of g on the 
interval �4 d x d 12.  Justify your answers. 

(d) For �4 d x d 12,  find all intervals for which � � 0.g x d  

  
   
  

 
(a) The function g has neither a relative minimum nor a 

relative maximum at x  10  since � � � �g x f xc   and 
� � 0f x d  for 8 12.xd d  

� � � �  in (a), (b), (c1 : ), r ) o  (dx f xgc   

1 : answer with justification

 

 

(b) The graph of g has a point of inflection at x  4  since 
� � � �g x f xc   is increasing for 2 d x d 4  and decreasing 

for 4 d x d 8.  

1 : answer with justification  

 

 

(c) � � � �g x f xc   changes sign only at x  �2  and x  6.  
 

x  � �g x  
� 4  � 4  
�2  �8  

6  8  
12  � 4  

 
On the interval �4 d x d 12,  the absolute minimum 
value is 

 
� �2 8g �  �  and the absolute maximum value 

is 
 

� �6 8.g   

 1 : considers 

4 :
 1 : considers 4  and 12
 2 : answ

2  an

ers 

d 6
as candida

with justificatio

tes

n

x

x x

x 
°°
®  �  

�  

°
 

°̄

 

 

(d) � � 0g x d  for �4 d x d 2  and 10 d x d 12.  2 : intervals  
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Question 3 

Overview 

In this problem students were given the graph of f, a piecewise-linear function defined on the interval >�4, 12@.  A 

second function g is defined by � � � �
2

.
x

g x f ³  t dt In part (a) students needed to determine whether g has a 

relative minimum, a relative maximum, or neither at x  10,  and justify their answer. Using the Fundamental 
Theorem of Calculus, students needed to recognize that � � � �g x f xc   for all x in the interval >�4, 12 .@  Since 
� � � �10 10 0g fc    and � � 0f x d  for >8, 12@,  the First Derivative Test may be applied to conclude that there is 

no relative extremum at x  10.  In part (b) students needed to determine whether the graph of g has a point of 
inflection at x  4,  and justify their answer. Since � � � �g x f xc  ,  the graph of g has a point of inflection at x  4  
because f changes from increasing to decreasing at x  4.  In part (c) students needed to find the absolute minimum 
value and the absolute maximum value of g on >�4, 12@.  Since � � � � ,g x f xc   students were expected to find 
relative extrema of g by identifying x-values where f changes sign. The absolute extrema occur either at the 
endpoints of the interval or at the relative extrema. By comparing the values of g at the four candidate x-values, 
students choose and justify the absolute extrema. Properties of the definite integral and the relation of the definite 
integral to accumulated area must be used to find the values of g. In part (d) students needed to find all intervals in 
>�4, 12  @ for which � � 0.g x d  This part also required properties of the definite integral and the relation of the 
definite integral to accumulated area. 

Sample: 3A 
Score: 9 

The response earned all 9 points. The student earned the � � � �g x f xc   point in part (a). In part (a) the student 
earned the point with justification “ � � � �g x f xc   does not change sign at this point.” In part (b) the student 
earned the point with justification “ � � � �f x gc  xcc  does change sign at x  4. ” In part (c) the student identifies 
the absolute minimum and absolute maximum values with a candidates test that uses the necessary critical points. 
In part (d) the student gives the two correct closed intervals. 

Sample: 3B 
Score: 6 

The response earned 6 points: 1 point for � � � �g x f xc  ,  1 point in part (a), no points in part (b), 3 points in part 
(c), and 1 point in part (d). The student earned the � � � �g x fc  x  point in part (a). In part (a) the student earned 
the point with justification “ � �g xc  does not change from pos to neg or neg to pos at x  10.” In part (b) the 
student gives the correct answer but includes an incorrect statement that � �4gcc  0.  In part (c) the student earned 
the first 2 points. The student does not identify the absolute minimum as �8  or the absolute maximum as 8. The 
student earned 1 of the 2 answers with justification points. In part (d) the student does not include the endpoints of 
the intervals, so 1 point was earned. 

Sample: 3C 
Score: 3 

The response earned 3 points: 1 point for � � � � ,g x f xc   no points in part (a), 1 point in part (b), 1 point in 
part (c), and no points in part (d). The student earned the � � � �g x f xc   point in part (a). In part (a) the student has 
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Question 3 (continued) 

an incorrect answer. In part (b) the student’s work is correct. In part (c) the student earned the first point by 
identifying 2x  �  and x  6  in the second line. The student earned no other points. In part (d) the student has 
an incorrect interval �6, 10  � that has no values where � � 0.g x d  
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Question 4 

Consider the differential equation 
2

.1
dy y
dx x 

�
 

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated. 

(b) Let � �y f x  be the particular solution to the given differential equation with the initial 
condition 

 
� �2 3.f   Write an equation for the line tangent to the graph of � �y f x  at 2.x    

Use your equation to approximate f �2.1�.  

(c) Find the particular solution � �y f x  to the given differential equation with the initial condition � �2 3.f   

     (a) ^ 1 : zero slopes
2 :

 1 : nonzero slopes
 

 
 

 

(b) 
� � � �

2

, 2, 3

3 92 1x y

dy
dx  

  
�

 

 
An equation for the tangent line is � �9 2 3.y x � �  
 
� � � �9 2.1 2 92. 3 3.1f | � �   

^ 1 : tangent line equation
2 :

 1 : approximation
 

 

 

(c) 

� �

2

2

1 1
1

1 1
1

1 ln 1

1 1ln 2 13 3
1 1ln 1 3

1
1 ln 13

dy dxxy

dy dxxy

x Cy

CC

xy

y
x

 
�

 
�

�  � �

�  � �

�  � �

�

 

 

�

�

�

´ ´µ ¶¶

 

Note: This solution is valid for 1 31 1 .x e� � �  

 1 : separation of variables
 2 : antiderivatives

5 :  1 : constant of integration and
      uses initial condition
 1 : solves for y


°
°
®
°
°
¯

 

 
Note: max 3 5  [1-2-0-0] if no constant 

of integration  
 
Note: 0  5 if no separation of variables 
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Question 4 

Overview 

In this problem students were presented with a first-order separable differential equation 
2

.1
dy y
dx x 

�
 In part (a) 

students needed to sketch a slope field at six points in the xy-plane provided: �0, 0� ,  �0, 1� ,  �0, 2� ,  �2, 0� ,  
�2, 1 ,�  and �2, 2 .�  In part (b) students were given that � �y f x  is the particular solution to the differential 
equation with the initial condition � �2f   3. Students needed to write an equation for the line tangent to the 

graph of � �y f  x at x  2,  where the slope is computed using the given .dy
dx  The value of � �2.1f  is 

approximated using the tangent line. In part (c) students were expected to use separation of variables to find the 
particular solution � �y f x  to the differential equation with the initial condition � �2 3.f   

Sample: 4A 
Score: 9 

The response earned all 9 points.  

Sample: 4B 
Score: 6 

The response earned 6 points: 2 points in part (a), 2 points in part (b), and 2 points in part (c). In parts (a) and (b) 
the student’s work is correct. In part (c) the student incorrectly separates the differential equation. The student was 
eligible for and earned 1 of the 2 antiderivatives points for the correct antidifferentiation of 2y� .dy  This side of 
the equation is consistent with a correct separation of variables. Because the student earned at least 1 of the first 3 
points, the student was eligible for and earned the fourth point. The student was not eligible for the last point.  

Sample: 4C 
Score: 3 

The response earned 3 points: 1 point in part (a), 2 points in part (b), and no points in part (c). In part (a) the 
student earned the first point. The student has an inconsistent slope at �2, 2� ,  so the second point was not earned. 
In part (b) the student’s work is correct. In part (c) the student does not have a correct approach for separation of 
variables. The student was not eligible for any points. 
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Question 5 

 

The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height h, 

the radius of the funnel is given by � �21 320r h � ,  where 0 10.hd d  The units of r and h are inches. 

(a) Find the average value of the radius of the funnel. 

(b) Find the volume of the funnel. 

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is 

3h   inches, the radius of the surface of the liquid is decreasing at a rate of 1
5  inch per second. At this 

instant, what is the rate of change of the height of the liquid with respect to time? 
     
(a) � �

� �� �

10310
2

0 0
Average radius

109
6

1 1 13 310 20 200 3

1 100030 0  in0 3 020

hh dh hª º�  �« »¬ ¼

� �  

 

 

´
¶  

3
1 : integral

:  1 : antiderivative  
 1 : answer


°
®
°̄

 

  

(b) � �� �� � � �

� �� �

10 2 102 2 4
00

105
3

0

3

1 3 9 620 400

9 2400 5

100000 220990 2000 0  in400 5 40

Volume h dh h h dh

hh h

SS

S

S S

�  � �

ª º � �« »¬ ¼

� � �  

 

 

µ́
¶ ³  

3
1 : integrand

:  1 : antiderivative  
 1 : answer


°
®
°̄

 

 

 

(c) � �1 220
1
5 10

1 10 2  in/se

3

c5 3 3

dr dhhdt dt
dh
dt

dh
dt

 

�  

 �  ��

 

3 ^ 2 : chain rule
:

 1 : answer
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Question 5 

Overview 

In this problem students were presented with a funnel of height 10 inches and circular cross sections. At height h 

the radius of the funnel is given by 1r  �� �3 ,h2
20  where r and h are measured in inches. In part (a) students 

needed to find the average value of the radius of the funnel. This required evaluating � �10 2
0

1 1 310 20 h dh�³  by 

finding an antiderivative. In part (b) students needed to find the volume of the funnel. By incorporating the fact 
that the cross sections are circular, the students were expected to set up and evaluate an integral of the form 

20r dh h dhS S �µ́
¶³ � �� �� �

10 210 2 2
0 0

1 3 .  In part (c) students were given that the funnel contains liquid that is 

draining from the bottom. When the height of the liquid is 3 inches, the radius of the surface of the liquid is 

decreasing at a rate of 1
5  in/sec.  Students were expected to find the rate at which the height is changing at this 

instant. To solve this related rates problem, students needed to use � �21 320r h �  and take the derivative with 

respect to t.  

Sample: 5A 
Score: 9 

The response earned all 9 points.  

Sample: 5B 
Score: 6 

The response earned 6 points: 3 points in part (a), no points in part (b), and 3 points in part (c). In part (a) the 
student’s work is correct. In part (b) the student does not present a correct integrand in the integral for volume and 
did not earn the first point. Without a correct integrand, the student was not eligible for the other points. In part (c) 
the student’s work is correct. 

Sample: 5C 
Score: 3 

The response earned 3 points: no points in part (a), 1 point in part (b), and 2 points in part (c). In part (a) the 
student does not present an integral and did not earn the first point. Without presentation of an integral, the 
student was not eligible for the other points. In part (b) the student presents a correct integrand in the integral for 
volume and earned the first point. The student does not antidifferentiate correctly and did not earn the second 
point. The student was not eligible for the third point. In part (c) the student uses the chain rule correctly to find 

an equation relating dhdt  to drdt  and earned the first 2 points. The student does not solve for dhdt  and did not earn 

the third point. 
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Question 6 

x � �f x  � �f xc  � �g x  � �g xc  

1 – 6 3 2 8 

2 2 –2 –3 0 

3 8 7 6 2 

6 4 5 3 –1 
 
The functions f and g have continuous second derivatives. The table above gives values of the functions and 
their derivatives at selected values of x. 

(a) Let � � � �� �.k x f g x  Write an equation for the line tangent to the graph of k at 3.x   

(b) Let � � � �
� � .g xh x f x  Find � �1 .hc  

(c) Evaluate � �
3

1
2 .f x dxcc³  

  
   
(a) � � � �� � � �

� � � �� � � � � �3 3
3

3 6 2 5 2 1
6 4

0
3

k f g
k f g f

g f
   

� � �c c c c    
 

 
An equation for the tangent line is � �10 3 4.y x � �

3
2 : slope at x  3

:
 1 : equation for tangent line

 
 

 

 

(b) � � � � � � � � � �
� �� �

� �
� �

2

2

1 1 1 11
1

6 8 2 3 54 3
36 26

g f
f

h f gc c�
 

�

� �c

� � 
�
�

  �
�

3
2 : expression for hc�1�

:
 1 : answer 

 

 

 

(c) � � � � � � � �> @

� �> @

3 3
11

1 12 2 6 22 2
1 75 22 2

f x dx f x f f cc c c cª º �¬ ¼

 � �  

³
 

 

^ 

^ 

^ 
3

2 : antiderivative
:

 1 : answer
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Question 6 

Overview 

In this problem students were given two general functions, f and g, that have continuous second derivatives. A 
table is presented with values of the functions and their derivatives at selected values of x. In part (a) students 
needed to find the equation of the line tangent to the graph of k at 3x  ,  where k is defined by 
� � ��k x f g x ��.  This required application of the chain rule and use of values from the table to compute 

� � � �� � � �3k f gc c 3 3gc�  and � � � ��3k f g �3 .  In part (b) students were given � � �
�
g xh x f x �

�  and asked to 

compute � �1hc .  Students were expected to use the quotient rule and values from the table. Alternately, the product 

rule and chain rule can be applied to � � � � � �� 1h x g x f x � � � .  In part (c) students needed to evaluate the definite 

integral � �
3

1
2f xcc³ dx.  Using substitution of variables and applying the Fundamental Theorem of Calculus, 

students were expected to find an antiderivative involving f c  and evaluate using values from the table. 

Sample: 6A 
Score: 9 

The response earned all 9 points.  

Sample: 6B 
Score: 6 

The response earned 6 points: 2 points in part (a), 3 points in part (b), and 1 point in part (c). In part (a) the 
student earned the first 2 points. The student does not present an equation for the tangent line. In part (b) the 
student’s work is correct. In part (c) the student has an error with the substitution. The student earned 1 of the first 
2 points and was not eligible for the third point. 

Sample: 6C 
Score: 3 

The response earned 3 points: no points in part (a), 2 points in part (b), and 1 point in part (c). In part (a) the 
student does not present a value for � �3kc .  In part (b) the student earned the first 2 points. The student did not earn 
the third point because of an error in simplification. In part (c) the student has an error with the constant in the 
antiderivative. The student earned 1 of the first 2 points and was not eligible for the third point. 
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